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Abstract
A class of τ -locally invariant topological groups is introduced; this class is a new one for τ a limit
cardinal, and it coincides with Arhangel’skiı˘’s class of λ-balanced groups for τ = λ+. It is proved
that a topological group is τ -locally invariant if and only if this group is topologically isomorphic
to a subgroup of a direct product of groups of topological character less than τ . Topological spaces
whose free topological groups are τ -locally invariant are described. Ó 2000 Elsevier Science B.V.
All rights reserved.
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Apparently, locally invariant topological groups (SIN-groups in another terminology;
these are groups with a base at identity of open neighborhoods invariant under inner
isomorphisms) were introduced in 1950 by Graev [1], who called them groups with
invariant basis and proved that a topological group is locally invariant if and only if it
is topologically isomorphic to a subgroup of a direct product (with product topology) of
topological groups metrizable by bi-invariant metrics. Subgroups of products of metric
groups with noninvariant metrics may be non-locally invariant, but they also have an
invariance property: Kats [2] proved that a topological groupG is topologically isomorphic
to a subgroup of a product of first-countable (i.e., metrizable) groups if and only if, for each
open neighborhoodU of the identity, there exists a family {Vn}n∈ω of open neighborhoods
of the identity such that, for any g ∈G, g−1Vng ⊂ U for some n ∈ ω. In [2], such groups
are called groups with quasi-invariant basis.
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Arhangel’skiı˘ [3] extended Kats’ definition to larger cardinals by introducing τ -balanced
groups. The definition given below is a slight modification of the definition given by
Arhangel’skiı˘; we use a different term to avoid confusion.
Definition 1. Let τ be a cardinal. A topological group G is τ -locally invariant if, for
every open neighborhood U of the identity, there exists a family {Vα: α ∈ A} of open
neighborhoods of the identity such that |A|< τ and, for any g ∈G, g−1Vαg ⊂U for some
α ∈A.
Arhangel’skiı˘’s class of τ -balanced groups coincides with the class of τ+-locally
invariant groups, ℵ1-locally invariant groups are Kats’ groups with quasi-invariant basis,
and ℵ0-locally invariant groups coincide with locally invariant ones.
A subset X of a topological groupG is thin in G [8] if, for every open neighborhoodU
of the identity, there exists an open neighborhood V of the identity such that x−1V x ⊂ U
for all x ∈X.
Definition 2. Let τ be a cardinal. A subset X of a topological group G is τ -thin in G if,
for every open neighborhood U of the identity, there exists a family {Vα: α ∈ A} of open
neighborhoods of the identity such that |A|< τ and, for any x ∈X, x−1Vαx ⊂U for some
α ∈A.
Thus, a topological group is τ -locally invariant if and only if it is τ -thin in itself.
We use the term “space” for a completely regular T1 topological space; all neighbor-
hoods are assumed to be open.
For a space X, F(X) denotes its free topological group in Markov’s sense, i.e., the
free algebraic group of X with the strongest group topology that induces the original
topology on X, or, equivalently, such that any continuous mapping of X into an arbitrary
topological group can be extended to a continuous homomorphism of F(X) into G. We
use the standard notations
F ∗(X)=
{
x
ε1
1 . . . x
ε2k
2k ∈ F(X): k ∈ ω,
2k∑
i=1
εi = 0
}
and
Fn(X)=
{
x
ε1
1 . . . x
εk
k ∈ F(X): k 6 n
}
.
Recall that a real-valued function N on a topological group G is called a seminorm if
N(e)= 0 (e is the identity of G) and N(g1g−12 )6N(g1)+N(g2) for any g1, g2 ∈G. Let
N be a family of seminorms on a groupG. The set of all 1-neighborhoods of e with respect
to the seminorms from N form a neighborhood base at identity of some group topology
on G if and only if
(1) for any N ∈N and n ∈ ω, n ·N ∈N ;
(2) for any N ∈N and h ∈G, there exists N ′ ∈N such that N(h−1gh) < n whenever
N ′(g) < 1.
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Moreover, for any group topology on G, there exists a familyN of continuous seminorms
such that the set of all 1-neighborhoods of the identity with respect to seminorms from N
is a base at identity of this topology (see [1]); in other words, the set of all 1-neighborhoods
of the identity with respect to all continuous seminorms on G forms a base at identity of
the topology of G.
For a space X, we put
b(X)=min{τ : X does not contain a discrete family of τ open subsets}
and call this cardinal the degree of boundedness of X.
By a product of groups, we mean their direct product with product topology. Throughout,
the letters k, m, n, i , and j denote nonnegative integers, and τ and λ, infinite cardinals.
Guran proved [6] that, for an arbitrary τ , G is τ -balanced (i.e., τ+-locally invariant) if
and only if it is topologically isomorphic to a subgroup of a product of topological groups
of character τ . Theorem 1 below is a simple generalization of this result; we prove it here
for completeness and because Guran’s work [6] is practically unavailable.
Theorem 1. Let τ be a regular cardinal. A topological group G is τ -locally invariant if
and only if G is topologically isomorphic to a subgroup of a product of topological groups
of character less than τ .
Proof. Necessity. Let B be a neighborhood base at identity of the topology of G and
N :B→N a map of B into the family of continuous seminorms on G such that
(i) for any U ∈ B, the 1-neighborhood of the identity with respect to N(U) coincides
with U ;
(ii) for any U ∈ B and n ∈ ω, the 1-neighborhoodsU(n) of the identity with respect to
n ·N(U) belong to B and N(U(n))= n ·N(U).
For each U ∈ B, choose τ ′ < τ and a family {Uα: α < τ ′} of neighborhoods of the identity
such that g−1Uαg ⊂ U for some α < τ ′ whenever g ∈ G. For every α < τ ′, let us fix
Vα ∈ B such that VαV −1α ⊂Uα and V α ⊂Uα , and put
N (U)= {N(U)} ∪ {N(Vα): α < τ ′}.
Thus, each U ∈ B is assigned the family N (U) of continuous seminorms each having the
form N(W). Let NU denote the smallest family of continuous seminorms on G such that
(i) if N ∈NU and n ∈ ω, then n ·N ∈NU ;
(ii) if N(W) ∈NU , then N (W)⊂NU .
The family NU is obtained by an obvious recursive construction. Clearly, this family
satisfies conditions (1) and (2) ensuring that it determines some (possibly non-Hausdorff)
group topology TU on G. In addition, since τ is regular, |NU |< τ ; therefore, χ(G,TU) <
τ . Let GU denote the Hausdorff quotient group (G,TU )/(
⋂
N∈NU kerN). Clearly,
χ(GU) < τ . Denote the natural (continuous and open) homomorphism from G to GU
by hU and consider the diagonal product
h= 1
U∈B
hU :G→
∏
U∈B
GU ;
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for g ∈G, 1U∈B hU (g)= (gU )U∈B, where gU = g · (
⋂
N∈NU kerN) ∈GU . Obviously, h
is a topological isomorphism of G onto h(G).
Sufficiency is implied by the following three assertions:
(i) a group of character less than τ is τ -locally invariant;
(ii) the direct product of an arbitrary family of τ -locally invariant groups is τ -locally
invariant;
(iii) an arbitrary subgroup of a τ -locally invariant group is τ -locally invariant.
The first one is trivial and the other two are readily proved by direct verification. 2
Remark 1. Note that the ‘if’ part of Theorem 1 is valid for arbitrary (rather than only
regular) cardinals.
Remark 2. Borubaev and Chekeev [4] proved that a topological group is topologically
isomorphic to a closed subgroup of a product of groups of character 6 τ if and only if it is
τ -balanced and each filter on this group that has the τ -intersection property and is Cauchy
with respect to the left uniformity converges. This result is readily transferred to τ -locally
invariant groups with regular τ .
Theorem 2. Let X be a space with b(X) > λ. If F(X) is τ -locally invariant, then, for any
family {Wα : α < λ} of entourages (in the fine uniformity) of X, there exist τ ′ < τ and a
family {W ′β : β < τ ′} of entourages of X such that each Wα contains some W ′β .
An equivalent statement of Theorem 2 is as follows.
Theorem 2′. Let X be a space with b(X) > λ. If F(X) is τ -locally invariant, then, for
any family {ρα : α < λ} of continuous pseudometrics on X, there exist τ ′ < τ and a family
{ρ′β : β < τ ′} of continuous pseudometrics on X such that, for each α < λ, the set of all
open unit balls with respect to ρα is refined by the set of all open unit balls with respect to
some ρ′β .
Proof. We need the description of the free group topology suggested in [7]. Below, we
give its fragment that is used in the proof of Theorem 2.
Let 〈P ,6〉 be a partially ordered set.
Define a relation C on the family of all nonempty subsets in P by the rule:
AC B if for every α ∈A there exists a β ∈B such that α 6 β.
Obviously,C is transitive.
For α ∈ P and B ⊂ P , we put
B(α)= {β ∈ B: α 6 β}.
Note that, if A is a nonempty antichain in P and B ⊂ P , then the family {B(α): α ∈A}
is disjoint.
Fix a partially ordered set 〈P ,6〉.
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Let A be a collection of nonempty subsets of P labeled by nonnegative integers:
A= {Ak: k ∈ ω}.
Consider a set S of triples s= 〈A,F ,D〉 satisfying the following conditions:
0◦. (a) A= {Ak: k ∈ ω}, where Ak are disjoint nonempty antichains in P ;
(b) F = {Fk: k ∈ ω} is a collection of families Fk = {fα : α ∈ Ak} of continuous
nonnegative functions on X such that for every x ∈ X and k ∈ ω, the set
{α ∈Ak: fα(x) 6= 0} is finite;
(c) D = {dk: k ∈ ω} is a family of continuous pseudometrics on X.
When we refer to an element s of the family S, we always imply that s = 〈A,F ,D〉
and the sets A, F , and D have the form specified in condition 0◦. Primed, indexed, or
otherwise marked A, F , D, A, F , f , and d correspond to the similarly marked s. For
example, s′ = 〈A′,F ′,D′〉, A′ = {A′k: k ∈ ω}, etc.
1◦. If k <m, then
(a) Ak CAm;
(b) for any x ∈X and α ∈Ak ,
fα(x)6
∑
β∈Am(α)
fβ(x);
(c) for any x, y ∈X,
2 · dk(x, y)6 dm(x, y).
2◦. For any k and x, y ∈X,
(a)
∑
α∈Ak
fα(x)> 1;
(b) 2 ·
∑
α∈Ak
∣∣fα(x)− fα(y)∣∣6 dk(x, y).
To formulate the last condition on the family S, we need to order its elements.
Let s and s′ satisfy conditions 0◦–2◦. We write s ≺ s′ if for any k ∈ ω, the following
relations hold:
1. Ak CA′k;
2. for any x ∈X and α ∈Ak ,
fα(x)6
∑
β∈A′k(α)
f ′β(x);
3. for any x, y ∈X,
2 · dk(x, y)6 d ′k(x, y).
It is easy to verify that the relation ≺ is transitive.
3◦. Every s = 〈A,F ,D〉 is assigned a family {sα = 〈Aα,Fα,Dα〉 ∈ S: α ∈⋃A =⋃
k∈ω Ak} such that s ≺ sα for all α ∈
⋃A and if s, s′ ∈S, α ∈⋃A, α′ ∈⋃A′,
s≺ s′, and α 6 α′, then sα ≺ s′α′ .
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Remark 3. Let a triple s= 〈A,F ,D〉 satisfy conditions 0◦–2◦. For k ∈ ω, put
A+k =Ak+1, F+k = Fk+1 =
{
fα : α ∈Ak+1 =A+k
}
, d+k = dk+1,
A+ = {A+k : k ∈ ω}, F+ = {F+k : k ∈ ω}, D+ = {d+k : k ∈ ω}.
Obviously, s+ = 〈A+,F+,D+〉 satisfies conditions 0◦–2◦ and s ≺ s+. In addition, if
s′ ≺ s′′, then (s′)+ ≺ (s′′)+; in particular,
s+ ≺ s
++ · · ·+︸ ︷︷ ︸
n times for n> 2.
Remark 4. Suppose that a triple s = 〈A,F ,D〉 satisfies conditions 0◦–2◦. Let D′ =
{d ′k: k ∈ ω} be a sequence of continuous pseudometrics on X such that, for all x , y , and k,
dk(x, y)6 d ′k(x, y) and 2 ·d ′k(x, y)6 d ′m(x, y)whenever k <m (the latter condition means
thatD′ satisfies 1◦(c)). Then the triple sD→D′ = 〈A,F ,D′〉 also satisfies conditions 0◦–2◦,
and s≺ (sD→D′)+.
For g = xε11 . . . xε2n2n ∈ F ∗(X), let
〈i1, j1〉, . . . , 〈in, jn〉
be a partition of the set {1, . . . ,2n} into pairs such that is < js , εis = −εjs , and for all
s, t 6 n, either the segments [is, js], [it , jt ] are disjoint, or one of them contains the other.
We say that the set σ = {〈is, js〉: 16 s 6 n} is a scheme for g. The word g together with a
fixed scheme σ is denoted as [g,σ ] or merely [g]. The empty word e has only one scheme,
the empty set.
For x, y, z ∈ X, consider the words x−1y and z−1x−1yz. Each of them admits one
scheme: the only scheme of x−1y is {〈1,2〉}, and the only scheme of z−1x−1yz is
{〈1,4〉, 〈2,3〉}. In [7], for an arbitrary family S with properties 0◦–3◦, each s ∈ S is
assigned a seminorm ‖ · ‖s on F(X), and it is proved that all ‖ · ‖s are continuous
with respect to the free group topology on F(X). In what follows, we only consider the
seminorms of the words having the form z−1x−1yz or x−1y; for such words, ‖ · ‖s is
defined as follows:∥∥x−1y∥∥
s
=min
{
inf
k∈ω
{
1
2k
+ 2k · dk(x, y)
}
,1
}
,
∥∥z−1x−1yz∥∥
s
=min
{
inf
k∈ω
{
2k ·
∑
α∈Ak
fα(z) ·
∥∥x−1y∥∥
sα
+ 1
2k
}
,1
}
.
Suppose that X does not satisfy the condition concerning pseudometrics from the
formulation of Theorem 2′. Our immediate goal is to construct a triple s∗ that is an element
of a family S satisfying conditions 0◦–3◦ such that the 1-neighborhood of the identity with
respect to the seminorm ‖ · ‖s∗ witnesses that F(X) is not τ -locally invariant.
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For this purpose, we need the following lemma.
Lemma 1. If b(X) > λ, then there exist a continuous pseudometric p on X and a cover γ
of X such that γ is open and locally finite with respect to p, |γ | = λ, and each element
of γ contains a point that belongs to no other elements of γ .
Proof. Let {Oα: α < λ} be a discrete family of open subsets of X. Without loss of
generality, we assume that X \⋃α<λOα is nonempty (otherwise, we remove one element
from {Oα: α < λ}) and contains some point x∗ ∈ X. For each α < λ, pick xα ∈ Oα
and choose a continuous function fα :X→ Iα , where Iα = [0α,1α] is a homeomorphic
copy of the usual unit interval [0,1], such that fα(xα) = 1α and fα(X \ Oα) = {0α}.
The functions fα determine a continuous mapping f of X into the metric hedgehog
space J (λ) with λ spines (J (λ) = ⋃α<λ Iα , Iα ∩ Iβ = {0α} = {0β} = {0} for any
distinct α,β < λ) such that f (xα) = 1α , f (X \⋃α<λOα) = {0}, and f (Oα) ⊂ Iα for
each α < λ. Hedgehog’s metric d induces the sought continuous pseudometric p on X
according to p(x, y) = d(f (x), f (y)) for x, y ∈ X, and the sought locally finite cover is
γ = {f−1((0α,1α]): α < λ} ∪ {X \ {xα: α < λ}}. Each xα belongs to only one element
f−1((0α,1α]) of γ , and the only element of γ that contains x∗ is X \ {xα: α < λ}. 2
Now, let us construct the promised triple s∗.
Let A∗0 be a set of cardinality λ and F ∗0 = {f ∗α : α ∈ A∗0} be a partition of unity on X
subordinated to the cover γ ∗0 = {U∗0,α: α < λ} whose existence is asserted by Lemma 1
and which is open and locally finite with respect to a continuous pseudometric p∗; f ∗α can
be defined as, e.g.,
f ∗α (x)= p∗
(
x,X \U∗0,α
)/∑
β<λ
p∗
(
x,X \U∗0,β
)
.
For x, y ∈X, put
d∗0 (x, y)=max
{
2 ·
∑
α<λ
∣∣f ∗α (x)− f ∗α (y)∣∣, p∗(x, y)}.
Finally, for α < λ, let z∗α ∈X be a point such that the only element of γ ∗0 containing this
point is U∗0,α ; such points exist according to Lemma 1.
Suppose that 0< n< ω andA∗k , F ∗k = {f ∗α : α ∈A∗k}, d∗k , and γ ∗k , where γ ∗k = {U∗k,α: α ∈
A∗k} is a cover of X open and locally finite with respect to d∗k , are defined for all k < n;
suppose also that
⋃
k<n A
∗
k is endowed with an order 6. Let us define A∗n, F ∗n , and d∗n . Let
θ = {Vβ : β ∈ B}, where B is a set, be a cover of X that refines the cover by open balls of
radius 1/2 with respect to d∗n−1 and is open and locally finite with respect to d∗n−1. Consider
a partition of unity {gβ : β ∈ B} subordinated to θn and comprising functions continuous
with respect to d∗n−1. For α ∈A∗n−1, we put
B(α) = {(α,β) ∈A∗n−1 ×B: Vβ ∩U∗n−1,α 6= ∅}.
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Define
A∗n =
⋃
α∈A∗n−1
B(α);
the elements of A∗n are assumed to be pairwise incomparable, and we set α = (α′, β)> α′
for each α ∈A∗n. This defines the relation6 on the set A∗n−1∪A∗n; we extend it to
⋃
k6n A
∗
k
by transitivity. Clearly, the obtained relation 6 is an order, and A∗k CA∗n if k < n. For α =
(α′, β) ∈ A∗n, we put U∗n,α = U∗n−1,α ∩ Vβ . The family {U∗n,α : α = (α′, β) ∈ B(α)} forms a
cover of U∗
n−1,α′ open and locally finite with respect to d
∗
n−1, and γ ∗n = {U∗n,α : α ∈A∗n} is
a cover of X open and locally finite with respect to d∗n−1. Define
F ∗n =
{
f ∗α = f ∗α′ · gβ : α = (α′, β) ∈A∗n
}
and put
d∗n(x, y)=
∑
α∈A∗n
∣∣f ∗α (x)− f ∗α (y)∣∣+ 2d∗n−1(x, y).
Clearly, d∗n is a pseudometric onX generating the same topology as d∗n−1. The construction
is completed.
Remark 5. By construction, for any n ∈ ω and α ∈A∗n, there exists exactly one α′ ∈A∗n−1
such that α′ 6 α. Therefore, for any n ∈ ω and α ∈ A∗n, there exists exactly one α0 ∈ A∗0
such that α0 6 α. Moreover, if α′, α′′ ∈ A∗ and α′ 6 α′′, then α′ ∈ A∗n′ and α′′ ∈ A∗n′′
for some n′ < n′′ (n′ 6 n′′ by the definition of the relation 6 and n′ 6= n′′ because the
elements of each A∗n are pairwise incomparable), and there exists a (unique) α0 ∈A∗0 such
that α0 6 α′ and α0 6 α′′. Indeed, α′ > α′0 for exactly one α′0 ∈A∗0 and α′′ > α′′0 for exactly
one α′′0 ∈A∗0; since α′ 6 α′′ and 6 is transitive, α′0 = α′′0 .
Put
〈P ,6〉 = 〈A∗,6〉 and
s∗ = 〈A∗ = {A∗n: n ∈ ω}, F∗ = {F ∗n : n ∈ ω}, D∗ = {d∗n : n ∈ ω}〉.
A direct verification shows that s∗ satisfies conditions 0◦–2◦.
It remains to show that s∗ belongs to some family S satisfying 0◦–3◦; to do this, we
merely construct this family. Note that condition 3◦ implies the presence of a complex
structure on S; since the triples s∗α assigned to s∗ belong to S, they are also assigned
certain triples from S, and so on. We start with constructing s∗α assigned to s∗.
Suppose that {ρα: α ∈A0} is a family of continuous pseudometrics on X and, for every
τ < τ ′, there exists no family {ρ′β : β < τ ′} of continuous pseudometrics on X such that,
for each α < λ, the set of all open unit balls with respect to ρα is refined by the set of all
open unit balls with respect to some ρ′β .
For α ∈A∗0 and k ∈ ω, put
d∗αk =max
(
2k · ρα, d∗k
)
and D∗α =
{
d∗αk: k ∈ ω
}
.
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Then D∗α satisfies 1◦(c) and s∗ ≺ (s∗D∗→D∗α )
+ (see Remark 4). Define
s∗α =
(
s∗D∗→D∗α
)+
.
Suppose that β ∈⋃A∗ \A∗0. Find k ∈ ω and α ∈A∗0 such that β ∈A∗k and α 6 β (such
an α exists and is unique by Remark 5) and define
s∗β = (s∗α)
++ · · ·+︸ ︷︷ ︸
k times ;
then s∗β  s∗α  s∗. If β ′, β ′′ ∈A∗, β ′ 6= β ′′, and β ′ 6 β ′′, then, by Remark 5, there exist
k′ < k′′ and a (unique) α ∈A∗0 such that β ′ ∈A∗k′ , β ′′ ∈A∗k′′ , α 6 β ′, and α 6 β ′′. This and
Remark 3 imply that
s∗β ′ = (s∗α)
++ · · ·+︸ ︷︷ ︸
k′ times ≺ (s∗α)
++ · · ·+︸ ︷︷ ︸
k′′ times = s∗β ′′ .
Thus, the triples s∗α (= 〈A∗α,F∗α,D∗α〉) with α ∈
⋃A∗ are as required by condition 3◦;
i.e., s∗ ≺ s∗α for each α ∈
⋃A∗ and, if α′, α′′ ∈ ⋃A∗, α′ 6= α′′, and α′ 6 α′′, then
s∗
α′ ≺ s∗α′′ .
Note that, for each α ∈ A∗0, the first element of the triple s∗D∗→D∗α coincides with the
first element of the triple s∗ (i.e., A∗D∗→D∗α = A
∗) and, therefore, the first element of
s∗α = (s∗D∗→D∗α )
+ is
A∗α =
{
A∗n+1: n ∈ ω
}
.
If β ∈⋃A∗ \A∗0, i.e., β ∈A∗k for some k 6= 0, then s∗β = (s∗α)++ · · ·+︸ ︷︷ ︸k times for some α ∈ A∗0; by
the definition of the operation (·)+ (see Remark 3),
A∗β =
{
A∗n+1+k: n ∈ ω
}
.
We define S to be the minimal family such that
(1) S contains s∗ and all s∗α with α ∈
⋃A∗;
(2) the first element A of any triple s ∈ S has the form {A∗n+k(s): n ∈ ω} for some
k(s) ∈ ω;
(3) if s = 〈A,F ,D〉 ∈ S is not s∗ and α ∈ An+k(s) ∈ A, then the αth element of the
family assigned to s according to condition 3◦ is
sα = s
++ · · ·+︸ ︷︷ ︸
n+k(s)+1
times .
The family S is readily constructed by induction.
Each triple from S is either s∗ or s∗α with α ∈
⋃A∗, or it is obtained from s∗ or s∗α
by applying the operation (·)+ finitely many times. Therefore, all triples from S satisfy
conditions 0◦–2◦. To see that S satisfies 3◦, note that, if s′, s′′ ∈S and s′ ≺ s′′, then k(s′)
(see condition (2) above) is smaller than k(s′′); otherwise, condition (1) from the definition
of the relation ≺ cannot be fulfilled. If α′ ∈ ⋃A′ (= {A∗
n+k(s′): n ∈ ω}), α′′ ∈
⋃A′′
(= {A∗
n+k(s′′): n ∈ ω}), and α′ 6 α′′, then, by the definition of the order 6 on
⋃A∗, there
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exist n′ and n′′ such that n′ + k(s′) < n′′ + k(s′′), α′ ∈ A∗
n′+k(s′), and α
′′ ∈ A∗
n′′+k(s′′). We
have
s′α′ = (s′)
++ · · ·+︸ ︷︷ ︸
n′+k(s′)+1
times and s′′α′′ = (s′′)
++ · · ·+︸ ︷︷ ︸
n′′+k(s′′)+1
times .
By Remark 3 and by transitivity,
s′α′ ≺ s′′α′ = (s′′)
++ · · ·+︸ ︷︷ ︸
n′+k(s′)+1
times ≺ s′′α′′ and s′α′ ≺ s′′α′′ .
Clearly, if s= 〈A,F ,D〉 ∈S \ {s∗} and α ∈⋃A, then s≺ sα , because sα is obtained
from s by applying the operation (·)+ finitely many times.
Thus, the constructed family S 3 s∗ satisfies conditions 0◦–3◦; therefore, the triple s∗
determines a continuous seminorm ‖ · ‖s∗ on F(X). Put
U = {g ∈ F(X): ‖g‖s∗ < 1};
then U is a neighborhood of the identity in F(X). Let us show that there do not exist
τ ′ < τ and a family {Wβ : β < τ ′} of neighborhoods of the identity in F(X) such that, for
every u ∈ X, u−1Wβu ⊂ U for some β < τ ′. Consider an arbitrary τ ′ < τ and a family
{Wβ : β < τ ′} of neighborhoods of the identity in F(X). The left uniformity of F(X)
induces a uniformity on X consistent with the topology of X; hence, for each β < τ ′,
there exists a continuous pseudometric ρ′β on X such that {x−1y: ρ′β(x, y) < 1} ⊂Wβ .
By construction, there exists α0 ∈A∗0 such that the set of all open unit balls with respect
to d∗α00 is not refined by the set of all open unit balls with respect to ρ
′
β for any β < τ ′. For
each β < τ ′, take xβ, yβ ∈X such that ρ′β(xβ, yβ) < 1 (and, therefore, x−1β yβ ∈Wβ ) and
d∗α00(xβ, yβ)> 1 (and, therefore, d∗α0k(xβ, yβ)> 1 for all k). Consider the words
gβ = z∗−1α0 x−1β yβz∗α0,
where z∗α0 is the point specified in the beginning of the construction of s
∗ as a point
contained in only one element U∗0,α0 of the cover γ
∗
0 .
By definition,
‖gβ‖s∗ =min
{
inf
k∈ω
{
2k ·
∑
α∈Ak
f ∗α (z∗α0) · ‖x−1y‖s∗α +
1
2k
}
, 1
}
.
Since z∗α0 is contained in only one element U
∗
0,α0 of γ0 and {f ∗α: α ∈A∗0} is a partition of
unity subordinated to γ0, we have
‖gβ‖s∗ =min
{
inf
k∈ω
{
2k · ‖x−1y‖s∗α +
1
2k
}
, 1
}
.
By definition,
‖x−1y‖s∗α =min
{
inf
k∈ω
{
1
2k
+ 2k · d∗α0k(xβ, yβ)
}
, 1
}
>min
{
inf
k∈ω
{
1
2k
+ 2k
}
, 1
}
= 1.
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Thus,
‖gβ‖s∗ =min
{
inf
k∈ω
{
2k + 1
2k
}
, 1
}
= 1,
i.e., gβ /∈ U for all β < τ ′. On the other hand, gβ ∈ z∗α0−1Wβz∗α0 for each β < τ ′. The
arbitrariness of τ ′ < τ and of the family {Wβ : β < τ ′} of neighborhoods of the identity
implies that F(X) is not τ -locally invariant. 2
Theorem 3. Let X be a space and τ a cardinal. For each n ∈ ω, denote the fine uniformity
of Xn by U (n). Suppose that, for any family {Ξα: α < λ}, where λ < b(X) and Ξα =
{W(k)α ∈ U (k)}k∈ω, there exists a family {Ξ ′β : β < τ ′}, where Ξ ′β = {W ′(k)β ∈ U (k)}k∈ω, such
that τ ′ < τ and, for each α < λ, there is β < τ ′ for which W ′(n)β ⊂W(n)α whenever n ∈ ω.
Then X is τ -thin in F(X).
Proof. To prove Theorem 3, we apply Tkachenko’s description of the topology of F(X).
For an arbitrary sequence Ξ = {W(k) ∈ U (k)}k∈ω, we put
Un(Ξ)=
{
x−εnn . . . x
−ε2
2 x
−ε1
1 y
ε1
1 y
ε2
2 . . . y
εn
n :(
(x1, x2, . . . , xn), (y1, y2, . . . , yn)
) ∈W(n), εi =±1}
and
U(Ξ)=
⋃
n∈ω
⋃
pi∈Sn
Upi(1)(Ξ) ·Upi(2)(Ξ) · · · · ·Upi(n)(Ξ).
The sets U(Ξ), where Ξ ranges over all sequences of entourages of Xn and Sn is the
group of permutations of {1,2, . . . , n}, form a base at identity of the topology of F(X) [9].
Clearly, all these sets are symmetric, i.e., U(Ξ)=U(Ξ)−1.
LetU be an arbitrary neighborhood of the identity in F(X). Take a neighborhoodU(Ξ),
where Ξ = {W(k) ∈ U (k)}k∈ω, such that U(Ξ)5 ⊂ U . The family {xU(Ξ) ∩ X: x ∈ X}
forms a uniform cover of X; let γ be its locally finite refinement open with respect to some
continuous pseudometric on X.
Lemma 2. For any space X, the cardinality of an arbitrary cover of X open and locally
finite with respect to some continuous pseudometric is less than b(X).
Proof. Let ρ be an arbitrary continuous pseudometric on X and (X˜, ρ˜) the metric space
that is the natural quotient image of (X,ρ). Then X˜ is a continuous image of X; therefore,
b(X˜)6 b(X). Let us show that e(X˜) < b(X). Suppose that, on the contrary, e(X˜)> b(X),
i.e., X˜ has a closed discrete subset Y of cardinality b(X). Then, for each y ∈ Y , we
can find ny ∈ ω such that the ball centered at y of radius 1/ny (with respect to ρ˜)
intersects Y at only one point y . Let Y ′ be a subset of Y such that ny coincide for
all y ∈ Y ′ and |Y ′| > b(X). Then the distance between arbitrary two points in Y ′ is no
smaller than 1/ny . Let B be the set of all 1/4ny -balls centered at points of Y ′. It is easy
to see that the 1/4ny -neighborhood of an arbitrary x ∈ X˜ can meet only one element
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of B; thus, B is a discrete family of open subsets of X˜ and |B| = |Y ′| > b(X), which
contradicts the observation that b(X˜) 6 b(X). Thus, e(X˜) < b(X). Since X˜ is a metric
space, w(X˜) < b(X). Finally, we obtain that w(X,ρ) < b(X), and the cardinality of any
open locally finite cover of (X,ρ) (i.e., of any cover of X open and locally finite with
respect to ρ) is less than b(X). 2
Thus, |γ | = λ < b(X); suppose that γ = {Vα: α < λ}. For each α < λ, pick xα ∈ Vα .
Remark 6. Note that, if x ∈ Vα , then x−1xα ∈ U(Ξ)2 (and x−1α x ∈ (U(Ξ)−1)2 =
U(Ξ)2). Indeed, γ refines the cover {yU(Ξ) ∩X: y ∈X}; hence, there exists z ∈X such
that Vα ⊂ zU(Ξ), and there exist g1,g2 ∈ U(Ξ) such that x = zg1 and xα = zg2. We
have x−1xα = g−11 z−1zg2 = g−11 g2 ∈ U(Ξ)−1 ·U(Ξ)= U(Ξ)2.
For α < λ and n ∈ ω, let W(n)α be the entourage of Xn obtained by the natural projection
of (Xn × {xα})2 ∩W(n+1) onto X2n; i.e.,
W(n)α =
{(
(x1, x2, . . . , xn), (y1, y2, . . . , yn)
)
:(
(x1, x2, . . . , xn, xα), (y1, y2, . . . , yn, yα)
) ∈W(n+1)}.
We obtained λ sequences {W(k)α }k∈ω = Ξα of entourages of Xk . Let {Ξ ′β = {W ′(k)β ∈
U (k)}k∈ω: β < τ ′}, where τ ′ < τ , be the family whose existence is assumed in the
statement of Theorem 3. Take an arbitrary x ∈ X. Choose α < λ for which x ∈ Vα
and find β < τ ′ such that W ′(n)β ⊂ W(n)α for all n ∈ ω. Any g ∈ U(Ξ ′β) belongs to
Upi(1)(Ξ
′
β) · Upi(2)(Ξ ′β) · · · · · Upi(n)(Ξ ′β) with some n ∈ ω and pi ∈ Sn and can therefore
be written as
g= x−ε1pi(1)1pi(1) . . . x−ε1212 x−ε1111 yε1111 yε1212 . . . y
ε1pi(1)
1pi(1)
x
−ε2pi(2)
2pi(2) . . . x
−ε22
22 x
−ε21
21 y
ε21
21 y
ε22
22 . . . y
ε2pi(2)
2pi(2)
· · ·
x
−εnpi(n)
npi(n) . . . x
−εn2
n2 x
−εn1
n1 y
εn1
n1 y
εn2
n2 . . . y
εnpi(n)
npi(n) ,
where n ∈ ω, pi ∈ Sn, εij =±1, and ((xi1, xi2, . . . , xipi(i)), (yi1, yi2, . . . , yipi(i))) ∈W ′pi(i)β .
We have
x−1gx = x−1xαx−1α x−ε1pi(1)1pi(1) . . . x−ε1212 x−ε1111 yε1111 yε1212 . . . y
ε1pi(1)
1pi(1)xα
x−1α x
−ε2pi(2)
2pi(2) . . . x
−ε22
22 x
−ε21
21 y
ε21
21 y
ε22
22 . . . y
ε2pi(2)
2pi(2)xα
· · ·
x−1α x
−εnpi(n)
npi(n) . . . x
−εn2
n2 x
−εn1
n1 y
εn1
n1 y
εn2
n2 . . . y
εnpi(n)
npi(n)xαx
−1
α x
∈ x−1xαUpi(1)(Ξα) ·Upi(2)(Ξα) · · ·Upi(n)(Ξα)x−1α x
⊂ x−1xαUpi(1)+1(Ξ) ·Upi(2)+1(Ξ) · · ·Upi(n)+1(Ξ)x−1α x
⊂ x−1xαUσ(1)(Ξ) ·Uσ(2)(Ξ) · · ·Uσ(n+1)(Ξ)x−1α x,
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where σ ∈ Sn+1 is defined as σ(i) = pi(i) + 1 for i 6 n and σ(n + 1) = 1. Thus,
x−1gx ∈ x−1xαU(Ξ)x−1α x . By Remark 6, x−1gx ∈U(Ξ)5 ⊂U . 2
Corollary. If X and τ satisfy the conditions of Theorem 3 and cf(τ ) > ℵ0, then F(X) is
τ -locally invariant.
This is proved in an obvious way by induction on the lengths of conjugating words.
Remark 7. If F(X) is replaced by a topological group algebraically generated by X,
Theorem 2 is false: the free Abelian topological group of an arbitrary space X is locally
invariant and, therefore, τ -locally invariant for any τ . Theorem 3 becomes false, too,
because the group S(τ+) of finitely supported permutations of a discrete space Y of
cardinality τ+ with the topology induced by the product space YY is generated by
the closed discrete subspace X comprising all transpositions that exchange a certain
fixed point in Y with all other points; all entourages of Xn contain the entourage
{((x, x, . . . , x), (x, x, . . . , x)): x ∈ X} and τ+ is regular, therefore, S(τ+) satisfies the
conditions of Theorem 3 and its corollary (except it is not a free group), while it cannot
even be embedded as a subgroup into a product of groups of pseudocharacter6 τ [5].
Remark 8. If τ is an uncountable cardinal and any Gλ-subset of X with λ < τ is open,
then the following are equivalent: (i) F(X) is τ -locally invariant; (ii) F(X) is locally
invariant; (iii) F(X) is topologically isomorphic to a subgroup of a product of groups
of pseudocharacter less than τ ; and (iv) F(X) is topologically isomorphic to a subgroup of
a product of discrete groups.
Indeed, according to Graev’s result mentioned in the beginning of this paper, (iv)⇒ (ii);
clearly, (ii)⇒ (i); by Theorem 1, (i)⇒ (iii). It remains to show that (iii)⇒ (iv). Since all
Gλ-subsets of X with λ < τ are open in X, all Gλ-subsets of F(X) with λ < τ are open
in F(X) (otherwise, we could declare them open and obtain a group topology on F(X)
that induces the original topology on X and is stronger than the topology of F(X), which
contradicts the definition of the free group topology). Suppose that F(X) is isomorphic to
a subgroup of
∏
α∈AGα , where A is a set and ψ(Gα)6 τ for each α ∈A. Let us declare
open all Gψ(Gα)-subsets of Gα for every α ∈ A. We obtain new group topologies on Gα ;
obviously, they all are discrete and F(X) is still isomorphic to a subgroup of the product
of Gα with the new topologies.
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